We calculate the Rényi entropy S q (µ, λ), for spherical entangling surfaces in CFT's with Einstein-Gauss-Bonnet-Maxwell holographic duals. Rényi entropies must obey some interesting inequalities by definition. However, for Gauss-Bonnet couplings λ, larger than a specific value, but still allowed by causality, we observe a violation of the inequality ∂ ∂q q−1 q S q (µ, λ) ≥ 0, which is related to the existence of negative entropy black holes, providing interesting restrictions in the bulk theory. Moreover, we find an interesting distinction of the behaviour of the analytic continuation of S q (µ, λ) for imaginary chemical potential, between negative and non-negative λ.
Introduction
Rényi entropy [1, 2] is used as a measure of entanglement for various quantum systems, ranging from condensed matter physics [3] [4] [5] [6] [7] to Quantum Gravity and Holography [8] [9] [10] [11] [12] [13] [14] [15] [16] . Entanglement entropy (EE) is also considered within the categorical approach to quantum mechanics and quantum computing (initiated by Abramsky and Coecke) , where Frobenius algebras in a bicategory encode copying and deleting of classical information in quantum systems [17] [18] [19] [20] [21] [22] [23] [24] . Interestingly, the quantum computation structures discussed in [24] are formally nearly (exactly) those that were independently discussed in [25] , in the context of Topological Field Theories with defects.
Entanglement entropy in holographic theories first appear in [9] , where an approach to calculate entanglement entropy of the boundary field theory was proposed. In this approach, the entanglement entropy between a spatial region A and its complement in the d-dimensional boundary theory is proportional to the area of the (d−1)-dimensional minimal surface in the bulk that is homologous to A. This expression presents an interesting similarity with the usual expression for the thermal entropy of a black hole and although this surface does not necessarily coincide with an event horizon, there is much evidence supporting this conjecture [9, 26] .
It is important to pause for a while and say a few things about the task of computing entanglement entropy. In QFTs the standard approach involves the application of the so called Replica Trick. Only a few simple (but not trivial) examples are known. In [6, 7] for example, they discuss the case of a finite interval of length in an infinite system and extend it to many other cases: finite systems, finite temperatures and to an arbitrary number of disjoint intervals, in a 2-dimensional CFT.
However, if we apply this construction for the boundary CFT in the holographic framework, we would end up with a conical singularity in the bulk with an angular excess of 2π(q − 1), see for example the attempt in [27] and an explanation why it fails [26] . Thus, the replica trick does not seem very helpful, without one's full understanding of string theory or quantum gravity in the AdS bulk, in deriving a holographic entanglement entropy formula. An alternative root was provided in [28] where they used conformal transformations to relate the entanglement entropy across a spherical entangling surface to the thermal entropy in a hyperbolic cylinder R × H d−1 . We also follow this approach generalized for the grand canonical ensemble as in [29, 30] .
The paper is organized as follows: In section 2, we introduce Rényi entropy for quantum systems. Interesting limits of Rényi entropy are discussed and the generalization of Rényi entropy for the grand canonical ensemble for a real and an imaginary chemical potential is given following [29, 30] . In section 3, we review the replica trick following [6, 7] , which allows the calculation of Rényi entropy in CFT for 2-dimensional and higher dimensional theories. We then calculate the charged Rényi entropy of a spherical entangling surface S d−2 by the insertion of a Wilson loop encircling S d−2 and in the limit q → 1 we recover the thermal entropy. We also find formal expressions for the conformal dimension h q (µ) and the magnetic response k q (µ) of the generalized twist operators σ q (µ), following [30] . In section 4, the AdS/CFT correspondence [31] [32] [33] is used to calculate the charged Rényi entropy for CFTs with Einstein-Gauss-Bonnet gravity duals coupled to an electromagnetic field. The results are plotted for many interesting cases and a discussion follows about whether they are consistent with the Ryu-Takayanagi formula [8, 9] . We also see a violation of the inequality (2.12) which corresponds to a negative entropy black hole.
-2 -In this section, we review some aspects of Rényi entropy that will be of interest to us in this paper. In particular, in subsection 2.1 we introduce some preliminary mathematical notions that will be of interest on later sections, while in subsection 2.2 we introduce the Rényi entropy S q and its properties. In subsection 2.3 we generalize the definition of Rényi entropy in the grand canonical ensemble according to the work of [29, 30] to include a chemical potential µ. The dependence of these charged Rényi entropies S q (µ) on the chemical potential, encodes the dependence of the entanglement on the charge.
Entropy and Entanglement
Consider a quantum system in d-dimensional Minkowski spacetime R 1,d−1 , composed by two subsystems, A and its complement A c . The space of states of the overall system is the tensor product H A ⊗ C H A c of the respective Hilbert spaces of each subsystem. A mixed state is described by a density matrix ρ, i.e. an element in the Banach space T (H A ⊗ C H A c ) of trace-class operators with unit trace, on the tensor product H A ⊗ C H A c . This overall quantum system is separated by an entangling surface S of codimension 2 at time t = 0, as in figure 1 , and suppose that this surface is closed and it is equipped with a metric γ. Then the system A is described by the density matrix ρ A ∈ T (H A ), which can be found from the overall density matrix ρ by tracing out the degrees of freedom of A c , that is ρ A = Tr H A c ρ, -3 -If the global system is defined in a curved space-time, the reduced density matrix is a functional of the metric g of the space-time in the vicinity of S , the intrinsic metric γ and the extrinsic curvature k of S , that is ρ A ≡ ρ A [g, γ, k] [35] .
The future Cauchy development D + (A) of A is defined as the set of all points p ∈ R 1,d−1 such that every past-inextendible non-spacelike curve through p intersects A at least once. Similarly for the past Cauchy development D − (A), see figure 1 . The Cauchy development D(A) is the union of the future and past Cauchy developments. Knowledge of the appropriate data on the closed set A (if one knew data on an open set, that in its closure would follow from continuity) would determine events in D + (A) [36, Sec. 6.5] .
The density matrix of A c may describe a mixed state, even if the overall density matrix ρ describes a pure state. This occurs because of the possible entanglement between the two subsystems. Thus, the spectrum of the density matrix ρ A contains information about the aforementioned entanglement. Let's implement a trivial clarifying example.
Suppose that both A and A c are a single spinor. If the whole system is described by the non-entangled pure state |ψ = 1 2
which is also a pure state. Thus, in this case the eigenvalues of ρ A are 0 and 1. On the other hand, if the whole system is described by the maximally entangled pure state |ψ =
which is a mixed state with the density matrix having two eigenvalues equal to 1 2 . However, one should notice that the same density matrix for system A could have occurred if the overall system was in a non-entangled mixed state, for example,
The above example suggests that, assuming the overall system is in a pure state, the entanglement between subsystems A and A c can be described by the spectrum of ρ A and specifically the higher the entanglement between the two subsystems, the more "disordered" the spectrum of ρ A appears to be. As in statistical mechanics, a logarithmic measure of the "disorder" is the Shannon entropy, usually called von Neummann entropy when applied to the spectrum of a density matrix.
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The entanglement entropy is defined as the von Neumann entropy corresponding to the density matrix ρ A ,
Entanglement Rényi Entropy
A problem that usually appears is that one does not have a good way to represent the operator ln ρ A and thus to calculate entanglement entropy. However, if one represents the density matrix of the full system by a path integral (as in the vacuum or a thermal ensemble, for example), then the reduced density matrix ρ A and its positive integer powers ρ q A can also be represented by path integrals. If those path integrals can be computed explicitly for all q, then one can obtain a generalization of Entanglement entropy called Entanglement Rényi entropy (or just Rényi entropy from now on). The entanglement entropy can then be indirectly calculated as the limit q → 1 of the Rényi entropy.
Rényi entropies are defined as the moments of the density matrix ρ A which describes system A, as
One can recover the entanglement entropy from the Rényi entropies as an appropriate limit
Rényi entropy contains also some other interesting limits. Specifically, the limit q → 0 recovers the Hartley entropy
where D is the number of non-vanishing eigenvalues of the density matrix ρ A . The limit q → ∞ recovers the Min-entropy 9) where λ ∈ C is the greatest eigenvalue of ρ A . An interesting specific value of Rényi entropy is also the q = 2 case, called the Collision entropy 10) where P is the probability to find two systems described by density matrix ρ A in the same state after measurements in the basis that diagonalizes ρ A . Rényi entropies, apart from providing an indirect method to calculate entanglement entropy, are interesting for other reasons. It can be shown that the knowledge of all -5 -Rényi entropies for all integers q > 0 is sufficient to recover the whole spectrum of the density matrix ρ A [37] . Thus, Rényi entropies contain much more information about entanglement than entanglement entropy.
Rényi entropies obey the following four interesting inequalities.
These inequalities are a direct consequence of Rényi entropy definition:
When we proceed to calculate Rényi entropies of CFTs from holographic dual theories, these inequalities can provide interesting constraints in the former, as in this case, the calculation is not performed directly on a probability distribution, but rather based on black hole thermodynamics, making the validity of the above inequalities non-trivial.
Rényi Entropy in the Grand Canonical Ensemble
In this paper, theories in the grand canonical ensemble with a conserved charge are considered. The definition of Rényi entropy requires an extension as described in [29, 30] , that is 16) where n A (µ) ≡ Tr ρ A e µQ A ensures that the introduced grand canonical density matrix A (µ) is appropriately normalized having unit trace. One can also define charged Rényi entropies for an imaginary chemical potential 17) with µ E ∈ R. When we analytically continue from (2.16) to (2.17), typically, only some singularities appear in the imaginary µ-axis. Studying imaginary chemical potential can provide information about the confinement phase transition in QCD theories with fermions [38] [39] [40] . In such theories, the -6 -related U (1) symmetry is the one that corresponds to the fermion number conservation. Then, if one considers the partition function with an imaginary potential, they findZ 18) where B = d 3 x ψ † ψ is the baryon number. Due to the fact that the baryon number is quantized, it is obvious thatZ (µ E ) is a periodic function of µ E with period 2π. However, this is true only in the deconfined phase of QCD. In the confining phase of QCD, the fermionic states are not allowed to have color charge resulting in the formation of bound states. If an SU (N ) QCD is considered, then these bound states in the deconfined phase are characterized by baryon number B ∈ N 0 while in the confined phase by B ∈ N N 0 , for example mesons have zero baryon number, while baryons like protons or neutrons have baryon number equal to N . The above mean that in the confining phase of QCD, Z (µ E ) is a periodic function of µ E with period 2π N . Moreover, the imaginary chemical potential can be used to avoid the sign problem in lattice algorithms [41] [42] [43] .
CFT Computation of Rényi Entropy
In this section, we will review in some detail the QFT approach to entanglement entropy following [6, 7] . In particular, we start in subsection 3.1 by reviewing the replica trick in a 2-dimensional CFT. In short, the replica trick provides a useful way to represent the density matrix ρ of a quantum system, which is in a state (such as the vacuum or a thermal ensemble), as a path integral over a Euclidean spacetime R 2 . Then, the reduced density matrix ρ A and its positive integer powers ρ , for q > 1. If we analytically continue for q and we take the limit q → 1, we obtain in this way, indirectly, the entanglement entropy. This is done in subsection 3.2 following [6, 7] by virtue of the so called twist operators σ q . In subsection 3.3, following [28, 30, 44] , we discuss charged Rényi entropies for spherical entangling surfaces in d-CFT and we derive a formula for the charged Rényi entropy S q (µ) in terms of the thermal entropy S(T ) on a hyperbolic space
Finally, in subsection 3.4, we briefly review the notion of generalized conformal dimension and magnetic response of the underlying generalized twist operators σ q (µ).
Replica Trick in 2d -CFT
We now turn our attention to two dimensional CFTs. These are Euclidean QFTs whose symmetry group contains, in addition to the Euclidean symmetries, local conformal transformations, i.e. transformations that preserve angles but not necessarily -7 -lengths. Indeed, in two dimensions there exists an infinite variety of coordinate transformations that, although not everywhere well defined, are locally conformal and they are holomorphic mappings z → w(z) = z + (z), from the complex plane to itself. The local conformal symmetry is of special importance in two dimensions since the corresponding symmetry algebra is infinite-dimensional and in principle, one can calculate everything in an analytic way.
Consider now a two dimensional quantum system on the complex plane parameterized by z = x + iτ . Let A be the subsystem consisting of the union of disjoint intervals
In this case the entangling surface S consists of the end points of the disjoint intervals. The partition function of the system is Z(β) = Tr e −βH , where β is the inverse temperature and H is the Hamiltonian operator. An expression for the reduced density matrix ρ A can be found by identifying along τ = 0 and τ = β and sewing together only the points of A c , which will leave open cuts, one for each interval v i along the line τ = 0. This can be done via the map z → ζ(z) = β 2πi ln z from the complex plane parameterized by z, to the infinite cylinder of circumference β, parameterized by ζ, see figure 2 , where now x ∈ R runs along the flat direction of the cylinder and time is compactified to τ ∈ [0, β].
1 For any two field insertions φ(ζ) and φ (ζ ) this means that φ(ζ) = φ (ζ) on the branch cuts. One can now compute Trρ q A for any q ∈ N by making q copies of the above, labeled by s ∈ N with 1 ≤ s ≤ q and sewing them cyclically along the cuts so that φ s (ζ) = φ s+1 (ζ) and φ q (ζ) = φ 1 (ζ) for all ζ ∈ A. The various copies talk to each other only along the q-fold line segments introduced along τ = 0.
1 The Hamiltonian operator on the cylinder is now given as the sum of the zero modes of the holomorphic and anti-holomorphic component of the stress tensor, H cyl = -8 -
Correlators of Twist Operators
The replica trick discussed above, can be realized with the insertion of the so called twist operators σ ±q (p i ) at the end-points p i of the interval v i , in the path integral over the replicated theory. These operators are responsible for opening and closing the branch cuts at the end-points of the various intervals. In particular, in two dimensional CFT, the twist operators σ q (p i ) and σ −q (p i ) are (spinless) primary fields with the same scaling dimension ∆ q =∆ q .
2 Then, the trace of the q-th power of the reduced density matrix can be written as a path integral
where
L r dτ , with L r the Euclidean lagrangian on each copy of the q-sheeted structure, Z q 1 is the vacuum functional of the original theory and Z q is the functional on the q-sheeted orbifold space which we will denote by O q . With this notation, equation (3.1) is simply the correlator of the twist operators on O q .
This correlator is divergent because of the singular geometry on O q at the branch points. However, in two dimensional CFT this is not a problem because every metric is conformally flat and therefore, the singular metric on O q can be mapped to a flat metric via a conformal transformation. The transformation we need is the conformal mapping
which maps the singular ζ-plane to the smooth w-plane. In particular, we have exploded the cylinder to the Riemann sphere C ∞ ≡ C ∪ {∞} parameterized by w, where the zero point on C ∞ is given by w(a i ) = 0 and the point at infinity by w(b i ) → ∞. The power 1/q smooths out the singularity in O q by patching together q copies of ζ-planes. Observe also that lim ζ→∞ w(ζ) is mapped to the q-th root of unity in C ∞ . Note that for q = 1 and n = 1 the mapping (3.3) is just a Möbius transformation. The correlator of the twist operator in CFT is given by the operator product expansion (OPE) of the holomorphic part of the stress tensor T (ζ) with the twist operators (conformal Ward identity). The stress tensor T (ζ) under the conformal transformation (3.3) transforms as a quasi primary field according to
where c is the central charge of the CFT and {w; ζ} :=
, is the Schwarzian derivative. By translational and rotational invariance, the expectation value of the stress tensor on C ∞ vanishes, i.e. T (w) C∞ = 0, thus we are left to calculate only the Schwarzian derivative. In order to illustrate this, we do the calculation for a single interval [a, b] , which yields
Note that in calculating the Schwarzian derivative, we get the above expression without the overall factor of q. This is because T (ζ) is inserted on a single sheet of the q-sheeted orbifold structure. If we insert T (ζ) on all the sheets, one obtains (3.5).
We now compute the expectation value of the OPE of the stress tensor with the two primary fields σ q (a) and σ −q (b) which have the same holomorphic and anti-holomorphic scaling dimension
We assume that ζ is a complex coordinate on a single sheet C ∞ , which is now decoupled from the others. Then, the conformal Ward identity reads
This result is for a single sheet, inserting thus T (ζ) on all the sheets, the right hand side of (3.7) is multiplied by a factor of q. Furthermore, the twist operators are normalized so that their two point function is σ q (a)σ −q (b) C∞ = |b − a| −2hq . Comparing equations (3.5) and (3.7) we see that
Under conformal transformations ζ → ξ(ζ), the Ward identity (3.7) determines all the properties of the correlation function. Therefore, we conclude that under scale and conformal transformations Trρ q A behaves exactly as the q-th power of the two point function of the twist fields, that is 9) up to an overall constant C q , which is not determined by conformal symmetry alone but from the details of the CFT. However, since Trρ q A = 1 we see that C 1 = 1. Therefore, we have that
where δ is the short-distance UV cut-off. Therefore, the Rényi entropy (2.6) becomes
Taking the limit q → 1, we recover the entanglement entropy
Charged Rényi Entropy for Spherical Entangling Surfaces
In this section, following [28, 30] , we will briefly review some aspects of charged Rényi entropies for a quantum system in d-dimensional Euclidian space-time R d . This quantum system consists of two subsystems A and A c , as before, which are separated by a spherical entangling surface S = S d−2 . In [28] , it was shown that the entanglement entropy is related to the thermal entropy S(T ) of the CFT on the hyperbolic cylinder R × H instead, where the time coordinate t E is compactified on S 1 . We start with the flat space metric in polar coordinates:
where r is the radial coordinate on the constant time slices and dS
The spherical entangling surface is at (t E , r) = (0, R). We can rewrite this in a complex form by using a complex coordinate z = r + it E , then
(3.14)
3 In [28] it is referred to as "causal development".
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the above metric becomes
where Ω is the conformal factor
Hence, the mapping (3.17) is a conformal mapping from
In particular, it takes the CFT in the Minkowski vacuum on D(A) to a thermal state on
, with a physical temperature
The thermal density matrix in the new spacetime
is related to that on D(A) by a unitary transformation U . More explicitly, we may write the density matrix on D(A) as
Note that in taking the trace of equation (3.19) , the unitary transformation U and its inverse cancel out. Thus, the entanglement entropy across the sphere becomes the thermal entropy S(T ) in R × H d−1 . The idea now is that if one varies the temperature, then the thermal entropy calculates Rényi entropies [44, 45] .
When considering charged Rényi entropies as in [29, 30] for example, the current operator J µ in the underlying CFT is also considered. This operator is associated with the conserved global charge
This global symmetry in the boundary CFT, according to [30] , gives rise to a gauge field in the dual gravity theory under consideration and thus, S q (µ) is related to the thermal entropy of a charged hyperbolic black hole. In terms of the boundary CFT, this means that in order to extend the path integral calculations of S q to include a chemical potential, one needs to insert a Wilson loop encircling the entangling surface. The relevant fixed background gauge potential B µ , coupled to the conserved current J µ , represents the chemical potential. However, in the thermal path integral, the Euclidean time direction is compactified with period β 0 ≡ T
and then the chemical potential appears by inserting a nontrivial Wilson line
on this thermal circle. Note, that since we are discussing the abelian case, we do not need the trace and the exponential does not need to be path ordered.
To understand the physical meaning of the Wilson loop, consider the path integral description of a field theory with a field φ and an action S[φ] on S d−2 . Then, consider the general unperturbed correlation function on S
where Z is the vacuum functional. One can now modify the action by terms localised on a line. For example, if φ lives on a circle with circumference
µ B µ for some gauge potential B µ . More explicitly, the correlation function in the perturbed mode would be
Observe now that
Thus the perturbed correlator is obtained by inserting the Wilson loop (3.21) into the unperturbed one. Therefore, the twist operators σ ±q which appear in the replica trick discussed in subsection 3.1 must be generalized to σ ±q (µ) in order to include a magnetic flux proportional to µ. The conformal mapping which leads to the definition of the charged Rényi entropy in a grand canonical ensemble with an imaginary chemical potential is
is the usual grand partition function. As before U is a unitary transformation, which, upon taking the trace of the above expression, cancels with its inverse to give
Therefore, equation (2.17) gives
The thermal entropyS(T, µ E ) in the grand canonical ensemble is given in terms of the temperature derivative of the free energỹ
One therefore arrives at the following relation between charged Rényi entropy and the thermal entropyS
Technically speaking [46] , Rényi entropy is the q-derivative (or to be more precise the q −1 -derivative), 4 also known as the Jackson derivative, of the negative free energỹ
Interestingly enough, it is now obvious why taking the limit q → 1 is a good idea, that is how q-derivatives reduce to ordinary ones. Straightforwardly, equation (3.30) reduces to (3.28) in the limit q → 1
The above analysis is similar in the case of a real chemical potential. 4 The q −1 -derivative is defined analogously but with q −1 replacing q.
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Correlators of Generalized Twist Operators
In this subsection, we reproduce some of the results of [30] that will be of interest to us. For details the reader is referred to the above paper, as well as to [44] . As it was discussed above, Rényi entropy can be realized by the insertion of a twist operator at the entangling surface. In the previous subsection, it was shown that inserting a Wilson loop in a correlator has a consequence; one must now generalize the twist operators σ ±q , appearing in the replica trick discussed in subsection 3.1, to include a magnetic flux proportional to µ. The idea now is that by considering the leading singularity in the correlator T µν σ q , one may define a generalized notion of the conformal dimension for σ ±q . If one inserts the stress tensor at a perpendicular distance y from σ q , with y much smaller when compared to the other scales defining the geometry of S , then
where α, β ∈ {0, 1} and a, b ∈ {2, ..., d − 1}, while n α is the unit vector directed orthogonally from the twist operator to the insertion of the stress tensor. The singularity is fixed up to the conformal dimension h q , which, as shown in [44] , it can be expressed in terms of the energy density
is the regulated volume of the hyperbolic plane H d−1 . From the first law of thermodynamics we have that 34) where S denotes the thermal entropy density and Q the thermal charge density respectively, therefore the conformal dimension is given by
(3.35) The first term E(T 0 , 0) arises because, under conformal transformations, the stress tensor does not transform as a primary field (rather a quasi primary) and its transformation law includes an anomalous contribution. This contribution is the higher dimensional analog of the Schwarzian derivative appearing in equation (3.4) [44] . Furthermore, -15 -note that the arguments of [44] , which give rise to equation (3.35) , apply also when one considers the calculation with a background gauge potential [30] .
As explained in [30] , in the context of charged Rényi entropies, one should also consider correlators of σ q (µ) with the current operator J µ of the CFT, which is associate with the global charge (3.20) . The conservation law of J µ gives us the leading singularity in the correlator with the generalized twist operator σ q (µ) 36) where αβ denotes the volume form in the two-dimensional space intersecting S and k q (µ) is called the magnetic response since it characterizes the response of the current to the magnetic flux. According to [30] , one can determine the value of k q (µ) by using (3.15) and the conformal mapping (3.17). Starting from 37) in order to connect this thermal charge density to the correlator with the twist operator, we must conformally map the S 1 × H d−1 background to a flat metric on R d using the transformation in (3.15). The current J µ , under a conformal mapping, transforms as 38) where the conformal factor Ω is given by (3.17). The mapping (3.15) generates a spherical twist operator. If one takes the limit with the current insertion approaching the spherical twist operator, one recovers the leading singularity in equation (3.36) . Finally, using (3.15) and the conformal mapping (3.17), we find that
As it was shown in [44] and subsequently in [30] , 5 the conformal dimension h q (µ) and the magnetic flux response k q (µ) have an interesting universal property. Their derivative with respect to q when q → 1 takes a very simple form. In particular, in [44] they found that
whereC T is given in (4.7) and it is the central charge defined by the two-point function of the stress tensor. However, in [30] and consequently to our case, this universal behaviour does not explicitly apply to the conformal dimension of the generalized twist operators σ q (µ), but it is related to an expansion around q = 1 and µ = 0
With this definition, note that h 00 = 0, while h 10 is precisely the term ∂ q h q | q=1 in equation (3.40) . Similarly, for the magnetic response we have that
Holographic Computation of Rényi Entropy
The goal of this paper, is to use the AdS/CFT correspondence to calculate the Rényi entropy for a spherical entangling surface in the boundary conformal field theory. We do this for CFTs, whose holographic dual is Gauss-Bonnet gravity coupled with an electromagnetic field. The additional coupling of Gauss-Bonnet gravity allows the study of a broader class of boundary conformal field theories. Standard black hole thermodynamics tools [48] [49] [50] allow for the calculation of the horizon entropy for these solutions. According to the AdS/CFT dictionary, this black hole entropy is identical to the thermal entropy of the boundary CFT on the hyperbolic cylinder
(see subsection 3.3). Thus, the AdS/CFT correspondence and application of formula (3.29) allow the calculation of entanglement Rényi entropies in the boundary CFT, for spherical entangling surfaces, based solely on quantities of the bulk theory. One should not forget that, since we study CFTs in the grand canonical ensemble, the boundary CFT contains a conserved current. Therefore, according to the AdS/CFT dictionary, the bulk theory will be invariant under a gauge symmetry, being the local extension of the global symmetry corresponding to the conserved current of the CFT and hence, it will contain the relevant gauge field. In the following, it is assumed that the latter is a U (1) symmetry. The holographic representation of the grand canonical ensemble considered above will then be a topological black hole, which is charged under this gauge field. The advantage of this approach is the fact that analytic solutions of topological black holes with hyperbolic horizons are already known for the considered bulk theory [51] [52] [53] .
Instead of considering the entropy as a function of the temperature as in equation (3.29) , it is more convenient to consider it as a function of horizon radius, normalized by the AdS curvature scale x,
In this case the Rényi entropy can be expressed as
where λ is the Gauss-Bonnet coupling, as we will see in the following. By parts integration of (4.2) is expected to simplify calculations, since usually the formula for the entropy of the black hole is simpler than the formula for its temperature.
The quantity x q satisfies the equation
Einstein-Gauss-Bonnet-Maxwell Gravity
In the following, we consider that the bulk theory is characterized by Gauss-Bonnet higher derivative corrections to the action, namely the bulk action is
where X ≡ R 2 − 4R µν R µν + R µνκλ R µνκλ is the Gauss-Bonnet term. This class of theories have an interesting feature. The central charges of the corresponding dual CFT take specific values, because of the curvature squared coupling. Specifically, in four dimensions it is true that [54] c = π
L denotes the curvature length scale of AdS space, while f ∞ is defined as
Since we desire to calculate the entanglement Rényi entropies for the corrsponding CFTs, we would like to relate the Gauss-Bonnet coupling with the central charges in arbitrary dimensions. Two central charges are required for this purpose. Following [44] , we use the central charge that is related with the leading singularity of the two-point function of the stress tensor [56] ,
-18 -and the central charge defined in [57, 58] , which obeys an interesting holographic ctheorem
In this paper, the Gauss-Bonnet bulk theory is studied as a holographic dual of a family of CFTs. One should be careful to demand that the corresponding boundary theory does not contain negative energy excitations [59] . This demand imposes an acceptable range for the Gauss-Bonnet coupling [55, 56] ,
The above range, in terms of the central charges of the boundary CFT, can be written as
Considering CFTs with holographic duals, the relevant bulk solutions are charged topological black holes with hyperbolic horizons. These solutions are the holographic dual of the grand canonical ensemble of the boundary CFT. Spherical charged black hole solutions with hyperbolic horizons are provided in the literature [51] [52] [53] (see also [60] for the uncharged solution). The solutions are of the form 12) where m and q are constants of integration related with the mass and the electric charge respectively of the black hole. The asymptotic behavior of the solution is
Thus, the curvature scaleL of the AdS, as shown in equation
, with f ∞ given by (4.13).
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The time coordinate can be rescaled like t →L √ f∞R t, so that the boundary metric is conformally equivalent to
The solution for the gauge field is
The chemical potential is selected in order for the total potential to vanish at the horizon in order to avoid a conical singularity. Thus,
The mass parameter m is connected with the horizon radius as
(4.17) We remind the reader that we defined x to be the ratio of the horizon radius to the curvature length scale of AdS.
Calculating the Gibbs free energy for the black hole solution as I = E − E b − T S − µQ, one can recover the energy and charge of the black hole with purely thermodynamic arguments 19) where V H d−1 is the regulated volume of the hyperbolic plane H d−1 . This volume is of course divergent; equations (4.18) and (4.19) for example, require appropriate regularization in order to make sense. This kind of divergences are further discussed in [28] . The energy E b is the energy of the extremal (zero-temperature) uncharged black hole solution. The selection of this background solution or even further the option to regularize of the Gibbs free energy with the use of counterterms may have interest when other kind of phase transitions, such as Hawking-Page phase transitions, are considered. In our case, it is not of great interest, as we are interested in differences of energies, as for example in the calculation of the conformal weights of twist operators.
In order to holographically calculate the charged Rényi entropies, we should specify the Hawking temperature and thermal entropy of these black hole, as shown in (4.2). The Hawking temperature of these black holes is given by [51] [52] [53] T (x; µ, λ)
One should be careful when calculating the thermal entropy of a black hole in a theory with higher derivative terms, since it is not proportional to the event horizon area. The desired thermal entropy has to be calculated using Wald's formula [48] [49] [50] or equivalently using thermodynamic arguments, as for equations (4.18) and (4.19), and is found equal to
The last element missing to calculate the desired Rényi entropy using formula (4.2) is the quantity x q . Equation (4.3), which defines x q , combined with equation (4.20) , results in the following quartic equation for x q .
The appropriate x q is the largest real solution of equation (4.22) . The limits for vanishing chemical potential studied in [44] and vanishing Gauss-Bonnet coupling studied in [30] can be easily recovered. 
Holographic Charged Rényi Entropies
The Rényi entropy for the charged Einstein-Gauss-Bonnet case can be calculated on the basis of equation (4.2), using equations (4.20) and (4.21) after an integration by 7 Notice that T (1; 0, λ) = T 0 , which justifies why x 1 = 1, when there is no chemical potential, as in [44] for example.
-21 -parts. The acquired result is
The latter reduces to the results of [44] for vanishing chemical potential and to the results of [30] for vanishing Gauss-Bonnet coupling. Let us make a break here to find motivation for rewriting equation (4.23) in a slightly different form. Equation (4.23) (as well as the vanishing Gauss-Bonnet coupling limit presented in [30] ) may give the false impression that this result cannot be consistent with the Ryu-Takayanagi formula for the holographic entanglement entropy. Ryu and Takayanagi have made a very interesting conjecture [8, 9] for the entanglement entropy of CFTs with holographic duals whose gravitational sector is described by Einstein gravity. The conjecture suggests that the entanglement entropy of a given region A equals
where m A is the minimal surface that is homologous to A, or in other words the union of A and m A are the boundary of a higher dimensional manifold. The constant G d+2 N is the gravitational constant in d + 2 dimensions. Quantum corrections to the formula above should alter the value of the gravitational constant. a corrections, which correspond to higher derivative terms in the classical bulk action, should result in the substitution of the area law, with a different function, which matches the Wald formula [48] [49] [50] for the black hole entropy.
The Ryu-Takayanagi formula has a simple and beautiful motivation. The entanglement entropy S 1 (A) is defined by tracing out the region A c , thus it is the entropy that an observer in A (who does not have access to A c ) measures. In the perspective of an asymptotically AdS black hole solution, the event horizon of the black hole naturally separates space in two regions and observers outside the horizon do not have access to any information from the inside. Then the minimal surface is simply identical to the horizon, resulting in formula (4.24) being similar to the Bekenstein-Hawking formula.
-22 -Although a general proof of formula (4.24) is very difficult [26, 27] , the holographic calculations for spherical entangling surfaces agree with it [44] . It is a fair question whether this agreement insists in the case of charged entropies. If formula (4.23) was consistent with the Ryu-Takayanagi formula, it should reproduce the thermal entropy of the black hole in the limit q → 1. However, this seems impossible due to the direct dependence on the chemical potential.
On the other hand, it was shown at the end of subsection 3.3 that formula (3.29), which was the basis of our calculation, is consistent with Ryu-Takayanagi formula, as a simple consequence of q-derivatives reducing to ordinary ones in the limit q → 1. We recall the result here
The fact that formula (4.23) looks inconsistent with the expected result is an artifact because of the by parts integration that preceded the final result. Using the equation specifying x q (4.22) to eliminate the term containing the chemical potential, one can find another simpler expression for the Rényi entropy that has directly the correct q → 1 limit.
This still depends implicitly on µ through x 1 and x q . The latter, for vanishing GaussBonnet coupling, simplifies to
Let us now check some interesting limits of the acquired Rényi entropy, as they are described in subsection 2.2. The entanglement entropy can be calculated taking the appropriate limit of formula (4.26) or simply applying equation (4.25) . It is found equal to
The limit q → 0, which specifies the number of non-vanishing eigenvalues of the density matrix, goes as
-23 -while the limit q → ∞, which specifies the largest of the eigenvalues of the density matrix, turns out to be equal to
where The plots are covering all the range of ratioC T a * d allowed by causality as described by inequality (4.10). There are several observations to be made on these plots.
The plots are almost linear in the allowed by causality range ofC
. This is in agreement with the observations of [44] . However, as the chemical potential gets larger, the behaviour of the curves becomes increasingly non-linear.
Unlike the study for vanishing chemical potential [44] , the maximum value of the ratio
is not always achieved for the lower bound of the central charges ratiõ
. On the contrary, as the chemical potential increases, the ratio of
acquires its maximum value for the maximum bound of the central charges ratioC 
This is indeed an increasing function of q, as one can see in figure 5 . In the figure, it . Thus, indeed for chemical potential larger than this value,
is an increasing function of the ratio of the central
for all q. Similarly, one can find an expression for the critical chemical potential for any number of dimensions. If we restrict to the q → ∞ limit, the complicated expressions are simplified quite a lot to find
which is a decreasing function of the number of dimensions, as it can be seen in figure  6 . Unlike the ratio
, the ratio
always acquires its maximum value for the lower limit of the central charges ratioC
, as shown in figure 7. We proceed to study the dependence of Rényi entropy on the chemical potential. For this reason, in figure 8 we plot the ratio Sq(µ)/S 1 (0) The conclusion is that the specific ratio is always an increasing function of the chemical potential and actually this kind of dependence gets stronger for larger ratio of the central charges. This can also be understood in terms of the linear expansion of appendix A.
The dependence of
on the chemical potential is not linear, unlike its dependence onC
. This is not unexpected, since only the square of the chemical potential appears in equation (4.22) and thus, x q and Rényi entropy depend only on even powers of the chemical potential. Indeed, if we plotted
versus the square of the chemical potential, we would see an almost linear dependence.
A very interesting feature of charged Rényi entropies is the large chemical potential limit. Equation (4.22) implies that for large chemical potentials, it is true that
Interestingly enough, x q and therefore Rényi entropy does not depend on q at this limit.
-28 -Specifically all Rényi entropies tend to
It has to be noted that the limit depends only on the product √ f ∞ µ. The independence of S q and q for large chemical potentials is made clear in figure  9 where
is plotted versus the chemical potential. Clearly all curves converge to one for large chemical potentials. Figure 9 . Rényi entropies normalized by S 1 (µ) as a function of the chemical potential for various Gauss-Bonnet couplings for d = 4.
As mentioned in subsection 3.3, the study of Rényi entropy for imaginary chemical potential may reveal interesting features related to confinement. It is known [61] that AdS/CFT correspondence connects the confinement/deconfinement phase transition of the boundary conformal field theory with the Hawking-Page phase transition [62] of the dual bulk theory. More specifically, the high temperature black hole phase in the bulk is dual to the deconfining phase in the boundary theory, while the low temperature thermal AdS phase in the bulk is dual to the confining phase in the boundary theory. However, it is also known [51, 53] that asymptotically AdS black holes with hyperbolic horizons never undergo a Hawking-Page phase transition in any number of dimensions. Thus, it is not expected to discover any discontinuity in the periodicity ofS q .
A first thing to notice on the behaviour of Rényi entropy for imaginary chemical potential is the qualitative difference between the caseC In figures 12 and 13, we plotS
versus the magnitude of the imaginary chemical potential for d = 4 and d = 5 respectively.
As long as theC
< 1 is concerned, an interesting observation is that the asymptotic value ofS
is different for d = 4 than in d = 5 case. This is due to the fact that especially for d = 4, the zeroth order term of equation (4.22) vanishes. This fact discriminates the asymptotic behaviour of the largest solution of with each q given by the respective colour. . The asymptotic behavior of Rényi entropy is 
(4.39)
> 1 is concerned, first we note the existence of a vertical asymptote of the curves. This is simply due to the fact thatS 1 (µ E ) vanishes at some finite
is not difficult to be specified. Equation (4.28) suggest that this happens when
λf ∞ . Then using equation (4.22) it is not difficult to find
-33 -
Rényi Entropy Inequalities
As discussed in subsection 2.2, Rényi entropies obey a series of interesting inequalities. These inequalities are direct consequence of the fact that Rényi entropies are defined on a probability distribution, in our case the spectrum of the density matrix ρ A . However, when this calculation is performed taking advantage of holographic dualities, the probability distribution is not accessible, as the calculation is based on black hole thermodynamics. However, if the holographic theory is meant to have a CFT dual at a stable thermal ensemble, it must still obey the Rényi entropy inequalities. This can impose interesting restrictions in the bulk theory. Following the analysis in [44] , we proceed to identify the properties of the black holes in the bulk theory that are required in order for the Rényi entropy inequalities to be valid. Starting from equation (3.29) , one can show that
The specific heat is given by
Assuming that the black holes under consideration are thermally stable, in others words, they are characterized by positive specific heat, the integrated quantity in the above integral is positive when q > 1, and negative when q < 1. However, the upper limit of integration is larger than the lower limit when q > 1 and smaller when q < 1, resulting in the integral being positive for every q. Thus, the first inequality holds when the black holes under consideration are thermally stable. Similarly, from equation (3.29) , one can show that
This means that the second inequality holds as long as the black holes under consideration are characterized by positive thermal entropy. In the same way, one can find that
The integral in the above equation is positive for every q, as long as thermal stability is ensured, as shown in the proof of the first inequality. Thus, the third inequality holds -34 -if the black holes under consideration are both thermally stable and are characterized by positive thermal entropy. Finally, one can show that 45) meaning that the forth inequality holds, as long as the black holes under consideration are thermally stable. It turns out that in the case of charged black holes, similarly to the uncharged ones, Rényi entropy inequalities are satisfied, as long as the topological black holes, interfering in the holographic calculation of Rényi entropy are thermodynamically stable and are characterized by positive thermal entropy. Let' s specify the restrictions to the bulk theory that are imposed by these requirements.
In [53] , it was shown that in Gauss-Bonnet gravity, charged black holes with hyperbolic horizons may be characterized by negative thermal entropy or negative specific heat. Specifically, negative entropy black holes appear only for Gauss-Bonnet couplings larger than
and only for chemical potentials obeying
Negative specific heat black holes always have negative entropy and appear only when the Gauss-Bonnet coupling is larger than λ > 1 4 (4.48) and only for chemical potentials obeying
All figures of previous subsection are clearly in agreement with the first inequality. This is not unexpected since asymtotically AdS black holes with hyperbolic horizons are always thermally stable in any number of dimensions, as long as the Gauss-Bonnet coupling is smaller than 1 4 , which is required by causality as imposed by equation (4.9) . However, this is not the case for black holes with negative thermal entropy. As shown in figure 14 , for d > 3, there is always a range for the Gauss-Bonnet coupling that does not violate the causality bounds, while it allows for black holes with negative thermal entropy.
-35 - Couplings below the blue curve do not violate causality, couplings above the red curve allow for negative entropy black holes, while the shaded region corresponds to coupling obeying both properties. Equation (4.21) suggests that black holes characterized by negative thermal entropy must obey
Then, equation (4.20) implies that black holes with negative thermal entropy have Hawking temperature smaller than
(4.51) Black hole thermodynamics are depicted in figure 15 . According to the above, for chemical potentials obeying (4.47) , it is expected, that for high enough q, T 0 q will become small enough to correspond to a negative entropy black hole. In this case, for large q, it is expected that equation (4.43) will give rise to a violation of the second inequality for Rényi entropies. Specifically this is expected to -36 -occur for any q > q v , where
Indeed, this is the case as it can be seen in figure 16 . On the left, is plotted versus q for the maximum value of Gauss-Bonnet coupling allowed by causality and for several different chemical potentials.
Holographic
Calculation of h q (µ, λ) and k q (µ, λ)
In subsection 3.4 we reviewed the results of [30] on various formal expressions regarding the conformal dimension h q (µ, λ) and the magnetic flux response k q (µ, λ) of the generalized twist operators. In this subsection, we use this formulae as well as the results of subsection 4.1 to calculate h q (µ, λ) and k q (µ, λ) in the boundary CFT dual to Einstein-Gauss-Bonnet-Maxwell theory (4.4). First we recall equation (3.35) , which we will reexpress in terms of
on using the fact the T −1 0 = 2πL. Note also that by equations (3.33), (4.17) and (4.18), we have that
-37 -Thus, combining the above, we take
One can verify that h q (0, 0) gives the Einstein gravity result (remembering that L = L) and h q (0, λ) gives the Einstein-Gauss-Bonnet result in agreement with [44] , while h q (µ, 0) gives the Einstein-Maxwell result (remembering thatL = L) also in agreement with [30] .
The expansion coefficients from (3.41) are
These are in agreement with [30, 44] . Note, however, that one recovers h 02 from [30] by simply setting L =L. To find the magnetic response, using equations (4.16) and (4.19) one can express the charge density as
Thus, the magnetic response is given by
This is trivially in agreement with [30] in the limit λ → 1, since then L =L. Note also that k q (µ, λ) depends implicitly on λ through x q . The expansion coefficients from (3.41) are 59) which are in agreement with [30] for L =L.
Density Matrix Spectrum
As discussed in section 2, Rényi entropies can provide more information than entanglement entropy and more specifically, one can recover the whole spectrum of the density matrix ρ A . We have already seen in subsection 2.2 that the Min-Entropy limit of Rényi entropy can provide the value of the largest eigenvalue of the density matrix spectrum, as shown in equation (2.9). One can get even more information if they perform an 1 q expansion in the Rényi entropy. For example, if we assume that the largest eigenvalue is equal to λ 1 and has degeneracy d 1 , while the second largest eigenvalue is equal to λ 2 and has degeneracy d 2 , such an expansion should look like
Thus, an appropriate 1 q expansion of Rényi entropy can provide the largest eigenvalue, its degeneracy, as well as the other eigenvalues, which appear is terms that are nonanalytic in 1 q
. As such non-analytic terms do not appear from holographic calculations, the authors of [44] make several arguments that lead to the conjecture that the thermodynamic spectrum contains only one discrete eigenvalue and the rest is comprised of a continuum of states, with the spectral function of this continuum being analytical at the position of the delta function relative to the discrete eigenvalue. In the following, we will just calculate the dependence of the largest eigenvalue and its degeneracy on the higher derivative coupling (and thus, on the boundary theory central charges) and the chemical potential.
For this purpose, we find an 1 q expansion for the solution of equation (4.22) . It can be shown that the former looks like
where x ∞ is given by equation (4.31) and
(4.62)
Substituting in (4.26), it is not difficult to show that
-39 -where
Comparing equations (4.60) and (4.63), the greatest eigenvalue and its degeneracy are given by
(4.67)
Discussion
Belin et al. [30] defined a new class of entropic entanglement measures which extend the definition of Entanglement Rényi Entropy (ERE) to include a chemical potential for a conserved global charge in a CFT. We extended the holographic calculation of charged Entanglement Rényi Entropy for a spherical entangling surface in theories that have a holographic dual with higher derivative Gauss-Bonnet terms. Using appropriate conformal transformations, as in previous calculations [30, 44] , the entanglement Rényi entropy for a spherical entangling surface in Minkowski space can be calculated as the thermal entropy in the hyperbolic cylinder. The latter can be connected with the thermal entropy of asymptotically AdS topological black holes with hyperbolic horizons via the AdS/CFT dictionary. A very interesting outcome of the holographic calculations of the Rényi entropies is the violation of an inequality they must obey by definition. This is observed in theories that are characterised by sufficiently large Gauss-Bonnet coupling, not high enough though to violate causality. The definition (2.6) of Rényi entropies on a probability distribution implies that it always obeys ∂ ∂q q−1 q S q ≥ 0. However, as shown in subsection 4.3, when Rényi entropy is calculated holographically, the validity of the aforementioned inequality is intertwined with the positivity of the thermal entropy of the relative topological black holes. As higher derivative Gauss-Bonnet corrections are considered, the thermal entropy cannot be calculated on the basis of the BekensteinHawking formula, but rather on the basis of Wald's formula. This, however, does . Such high Gauss-Bonnet couplings are allowed by causality, thus we conclude that gravitational theories with higher derivative corrections, which correspond to a boundary CFT at a stable thermal ensemble, should be restricted by a constraint stricter than causality.
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In [51] another possible resolution is conjectured, as a solution to the negative entropy problem. The authors claim that the exclusion of the corresponding parameter values as non-physical ones, may not be the appropriate solution to the problem, as the definition of this parameter region is dependent on the background space under consideration. It is true that for the parameters that the asymptotically AdS black hole has negative entropy, an asymptotically dS black hole has positive entropy. So, it is conjectured that some kind a phase transition between the asymptotically AdS and asymptotically dS black hole occurs. If this conjecture is true, then this region of parameters may contain information about the dS/CFT correspondence.
Independently of a deeper possible meaning of the negative entropy black holes and the violation of the Rényi entropy inequality, we have to notice that they are both an artifact of higher derivative terms competing with the leading Einstein term. Thus, it is possible that in fully realistic M-theory or string theory compactification, where even higher order terms have to be taken into account, negative entropy black holes and Rényi entropy inequality violation never occur.
Another interesting finding, consistent with the outcomes of [44] , is the fact that Rényi entropies holographically calculated in higher derivative theories appear to be practically a linear function of the central charge ratioC is still a good approximation as long as µ * 2πL < 1. Furthermore, there is a difference with the results of [44] . It turns out, that unlike the vanishing chemical potential case, where Rényi entropy is a decreasing function of the Gauss-Bonnet coupling, above a critical chemical potential it becomes an increasing function of the latter. This critical chemical potential is an increasing function of q with a finite limit as q → ∞.
Rényi entropies appear to be an increasing function of the chemical potential, which is also shown in [30] . This is valid also when Gauss-Bonnet corrections are added in the bulk theory. It turns out that the dependence of Rényi entropy on the chemical potential is stronger for larger Gauss-Bonnet couplings. For large chemical potentials, Rényi entropy is completely determined by the product of √ f ∞ with the chemical potential and appears to be independent of other factors, such as q.
The study of Rényi entropies for imaginary chemical potential is also revealing some interesting features. Although no Hawking-Page phase transitions occur for asymptotically AdS black holes with hyperbolic horizons, which could be related to the confined and deconfined phases of the boundary CFT, there is a significant difference in the dependence of Rényi entropy on the imaginary chemical potential between cases with λ ≥ 0 and λ < 0. Specifically, the analytic continuation of Rényi entropies halts at a finite value of the imaginary chemical potential when λ ≥ 0, unlike the case λ < 0 that holds for arbitrarily high imaginary chemical potential. In the case of negative Gauss-Bonnet coupling there is also a significant difference between the d = 4 case and higher dimensions. Specifically, in higher dimensions, all Rényi entropies have the same asymptotic behavior for large imaginary chemical potential, while for d = 4, the ratiõ
tends to the finite value q+1 2q
. We would like also to point out that the Entanglement entropy acquired as the q → 1 limit of Rényi entropy recovers the thermal black hole entropy, being consistent with the Ryu-Takayanagi formula.
Two other interesting quantities are the conformal dimension h q (µ, λ) and the magnetic flux response k q (µ, λ) of the generalized twist operators. These quantities obey an interesting universal property which is apparent in our case as well. That is, the expressions simplify tremendously when one calculates their derivative with respect to q evaluated at q = 1 and µ = 0. This is evident from the expansion coefficients h 10 , h 02 and k 01 , k 11 of the conformal dimension and the magnetic flux response respectively. Interestingly, this universal property is the same in the case of [44] , as well as [30] for L = L.
A natural generalisation of the calculations presented here would be the inclusion of higher derivative gauge interactions, using the results of [53] . It may also be of interest to extend these results in the case of the canonical ensemble, where the charge instead of the chemical potential is kept fixed.
